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SUMMARY

In this report, the significance of the distribution
of the asteroids is considered. Questions are raised whether
ordering mechanisms exist capable of arranging the asteroids
in some identifiable distribution, or whether the asteroidal
material is more or less randomly distribuféd throughout an
essentially toroidal ring extending from Mars to Jupiter.

The conclusion is reached that the planets, in particular
Jupiter, exert small perturbing forces which over long periods
of time produce distinctive distributional features. These
features are deterministic, and through suitable interpretation,
the mechanical history of solar system events may possibly be
traced back through time and contribute to the understanding
of the solar system origins. The deeper understanding of
distributional features can also be of value for the prediction
of possible hazards to interplanetary space missions.

The purpose of this report is twofold: To outline

o
3
(o]

general methods of analysis f asteroid
observational data and their significance, and to recommend
further observations to extend and support existing hypotheses

and theoretical approaches. A summary list of recommended
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observations, from both space probes and Earth based, is

\
l presented in the following table.

> >

~T— -~

—~——— ~g——

11T RESEARCH INSTITUTE

! iii




23e AfTuwey

JO s93ewTlSd apTA0ad 03 S3TITO0T3A
1933e0S UOTISITIOO TBIITUT 3yl Yiaim
sanjea do1ajaweaed ul peaads a3e[a310)

opow [eOT3ISTIERIS 2a3enbape saow B IpTAOI]

swealls lI0ajaw 03

UOT3ETS1 pue S3ITQIO JSWOD JO UOTjow O3
aoueoTITUSIS JO OSIE $S3ITQIO UOIJBUITOUT
2y81y 103 sul] asde Jo uorjow puejlsaapuf

S90BJINS PIOII]SE
woxy saforiied SUIpOIa JO SIOTITO0T3IA
SATIPI3I pue uoIsiIadsIp auTWISI3(

S3USWaTd JBITQIO UOTIBULTOUT IIY3ITY
JO SuoTjeTIBA IBTNO3S 10J sanbtuyos)
uotieqanjaad juadasauod Afaood 3s9f

sassaooad uorjesuspuoo ewseid
Surpaeldaa sasayjodAy uOTINTOAD 3S3]

sassaooad uorie)
-uaw8exy I0J S3IUSTOTIF200 [eOoTaATdwaTwss
ysITgeass pue sSmel UOT3INUTWWOD 3S3aJ

S9T3111IgeINSUSWIOD
I9pa0 Id2Y3TY JO 2OU3NTIUT JO JUDIXKD
2Yy3 pue sand20 JurIxalsnido JT auTwaala(Q

UuoT3INqTIISTP
Junu padeys-p 301paad mou jeyl sOTUBYISW
1BTISS9190 JO spoyzaw pue sasayjzodLy 3s97

sasA1eue AJT]IgqeIS I0J sasayjodLy 3s9g
Sutaajsnyo a1qissod suitwiailaq

SO9TJTWRJ pazrudodax
JO saaquow IJTTBWS I0J

uoTIayraad JO UOTION

SUOTJBUITOUTI TBITQIO

S9T3TOTIJUIODD [BITQI0

S9ZTS JAD[[BWS JO
28upa snonurjuod e y3noayg

Sutx Jo suor3dax a23anQ (q

3ura proxajse Jo
SuoT3ax feajuad Ry Jouul (e
potaad aaj3tdnf yatm
20UBUOSSI B JO pooyioquy3Tau uf

jutod uUOT3BIQTI]
e Jo pooyaoquy3tau uy

(1

(¢

(T

(1

(¢

(2

(1

sjuawala 1B3TqI0

aueld o°13d11o9 ay3
JO 3INO SUOTINQIIAISI|

(sued o13dro°
ur) uoTINgTrily
~-STIpP 9ZTIS pue Jaquny

9sodang

sjuawaxrnbay
OTJT0adS

UOTI3BAIDSq0

. SNOIIVAYISHO QIANIWWOOHIY A0 AIIVL

&

© et - —— - — - — e



A103STY UOTSTTIT0)
sajewWI]lsa 98y
3100 39w00 Yjzim uostaedwo)

SUT8T10 393TI0339W YSTITqRISd
03 $33Ta0335W paxaA0I3x Y3Tm uostaedwon

SOTuEByOoW

UOTSTTT0O 103 saajsweaed joedwy aprAoig
£103s1Yy 3oedWI

I103ed0IpuT a8y

Sjusw3eiy UOTSTIOO S33BOTpPUT
jusw8eiy-uou sd3BOIpPUT £3TwIoyTun pue
SUOT1BAI9SqO posSeq-Yylaey YITM UOTIRTD.I1I0)

suotjesuspuod jerpaowrad o
sjuswdeiy UOFSTI[OD :sur8Tao Jo aouapiajg

sur3tao
£ae32w00 03 juessaiax 90UdPTAS IPTAOI]

Teaiajur
SWI] 1338313 JI9A0 SUOTIBTIEBA IBTNOIS
JO suoTjieandwod jo AJTpIIEA PUIIXY

S9ITTWEI 03
sanjeA 1adoad 3o uoTjRUTWIAISP JTWADY

saajead (4
uorsoay (¢

ssauy3noy (g

£31413091399 (T

A1Twey pajlostas e JoO sIaquau
JO sjuswainsesw 53EIN00E 9I0K (7

saTt3aadoad
1EDTWOYD pue
1e°1s4Aud TeTaajzel

UoT3IpUOd
Teo1sdyd soeyang

UOT302aTp
pue uOI3R3OI TBIXY

SUOT3021Ip 1EBITQIO0

asodang

sjuswaarnbay or1j1oadg

UoT3IBAIISqQ




TABLE OF CONTENTS

1. INTRODUCTION
2. THE APPLICATION OF ANALYTICAL METHODS

2.1 Methods of Celestial Mechanics
2.2 Statistical Analysis of Observational Data
2.3 Ergodic Theory

3. RECOMMENDED OBSERVATIONS

3.1 The Number and Size Distributions of
Asteroids

3.2 Particle Distribution Out of the Ecliptic
Plane

3.3 Detailed Motions of Individual Asteroids
3.4 Shape and Surface Conditions
3.5 Structural and Chemical Composition

4, CONCLUS IONS
REFERENCES

IIT RESEARCH INSTITUTE

vi

21
31

33

33

35
36
38
38

43
47



——— v’ —

LIST OF FIGURES

The Distribution of the Asteroids
Distribution of Asteroids for Five Families

The Kirkwood Gaps and Orders of Commensurabil-
ities

Distribution of Asteroids in the Vicinity of
Three Commensurabilities

Asteroid Size Distribution in Three Zones of
the Asteroid Ring

Period of Axial Rotation for the Asteroids
in Relation to their Masses

Criteria for Meteor Discrimination of
Asteroids
LIST OF TABLES

Mean Values and Standard Deviations for
Families

Periods of Asteroids

Recommended Observations

HT RESEARCH INSTITUTE

vii

17

25

29

.42

22
29
45



Report No. P-1l4

ANALYTICAL METHODS AND OBSERVATIONAL REQUIREMENTS
FOR INTERPRETATION OF ASTEROID DISTRIBUTIONS

1. INTRODUCT ION

The asteroids, or minor planets, constitute a numerous
group of bodies, which with few exceptions revolve in orbits
of small eccentricity and inclination about the Sun in the
region between Mars and Jupiter. The exceptions, usually with
highly eccentric orbits, approach to within the orbits of Earth
or Venus or recede to beyond Jupiter. The asteroids are solid
bodies, of density similar to the Earth's crust, without atmos-
pheres, having sizes ranging downward from about 770 km for
Ceres presumably to micron size particles. Some are irregular
in shape and rotate about their own axes with periods usually
under 12 hr. Of the estimated 30,000 asteroids within reach
of the large reflecting telescopes, reliable orbits have been
calculated for about 1600.

The principal source of data is the list of asteroids,

Ephemerides of Minor Planets, published yearly by the Institute

of Theoretical Astronomy at Leningrad. This list contains the

ItT RESEARCH INSTITUTE
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current orbital elements and magnitudes of what now number
some 1650 asteroids. New discoveries and corrections are com-

municated in the Minor Planet Circulars issued by the University

of Cincinnati Observatory. A study by Kuiper (1958) indicates
that all 437 asteroids with photographic magnitude at opposition
equal to 14 or less are probably known; and from a statistical
extrapolation, there are estimated to be 33,600 asteroids of
photographic magnitude brighter than 19.5. Estimates of the
asteroid sizes are based upon measurements of their brightness;
for absolute magnitudes from 4 to 8 the mean diameter is about
300 km; for the smaller observable sizes down to about 15 km,
the magnitude ranges down to 12 or 13.

The asteroids are not randomly distributed throughout
the belt but possess definite distributional features. Gaps
in the distribution of asteroid orbits were recognized in 1868
by Kirkwood, and are shown in Figure 1, where the number-distri-
bution of asteroids is plotted against the mean distance from
the Sun. The gaps occur at certain fractions of Jupiter's
period of 11.86 years. This fact indicates that Jupiter has a
definite ordering effect upon the asteroidal material. A
simple mechanism explaining the Kirkwood gaps is that the
gravitational force of Jupiter's large mass drives the asteroids
out of the particular resonance orbits; however, the actual
mechanical process is apparently more complicated since cluster-

ing is observed at some of the expected resonance orbits.

HT RESEARCH INSTITUTE
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As the Kirkwood gaps demonstrate a resonance forcing
mechanism, so the twelve Trojan asteroids demonstrate the
effects of another type of forcing mechanism also tending to
introduce an order into the distribution of the asteroids. In
this case, equilibrium points occur where the gravitational
forces of the Sun and Jupiter balance the centripetal forces of
the orbital motion. As a result, there are two points that
rotate about the Sun with Jupiter, the Lagrangian points, about
which certain asteroids are observed to cluster. The Trojan
asteroids oscillate in closed orbits about these points when
viewed from a reference system rotating with the same orbital
period as Jupiter. This oscillatory motion is called a libra-
tion, and the Lagrangian points are examples of libration
points; they are also called stationary points since they
correspond to positions of minimum potential energy in a suit-
able reference coordinate system.

The existence of the Kirkwood gaps and the clustering
of the Trojan groups of asteroids are familiar features that
have been extensively investigated. However, the significance
of these well-known features and of other more obscure prop-
erties of the asteroidal distribution present an unresolved
problem. The asteroids pose many questions that remain to be
answered. Their origins, ages, and material properties are
not definitely known. Their role in the origin and evolution
of the solar system has not been definitely established,

neither has their relationship to other interplanetary matter

IIT RESEARCH INSTITUTE




nor to the planets themselves. Although some asteroids are
believed to be the fragments of originally larger bodies, it
is not known to what extent the total asteroidal matter con-
sists of primordial condensations or represents the remains
of catastrophic events.

Our incomplete knowledge of the asteroids is the result
of two fundamental deficiencies: (1) insufficiently developed
theoretical methods for the interpretation of the asteroid
history based upon current observations, and (2) the lack of
adequate observational data concerning the present nature of
the asteroids.

2. THE APPLICATION OF ANALYTICAL METHODS

The various methods for the analysis of asteroidal
distributions may be categorized into three broad classes:

(1) Celestial mechanics,
(2) Statistical analysis of observational data, and
(3) Ergodic theory.*

The limitations and significance of the methods with respect

to particular aspects of the asteroid distribution are outlined

below.

2.1 Methods of Celestial Mechanics

The principal tool of celestial mechanics is pertur-
bation theory. This theory has many ramifications but is

restricted in its effectiveness by the length of time for

*The branch of mathematics concerned with finding time averages
by means of phase averages (e.g., Birkhoff 1927, or Dunford
and Schwartz 1958).

IIT RESEARCH INSTITUTE



which satisfactory accuracy is attainable. The historical
time period can be extended by obtaining more accurate obser-
vations of current orbital elements and by improved efficiency
in the rate of convergence of the perturbation techniques.
Reduction in the accumulation of er;ors may be achieved by
extending the theory t6 include some of the hitherto neglected
forcing terms and by the inclusionAof higher order terms.
Further improvement is possible if more suitable coordinate
systems can be found by means of canonical transformations:
The application of celestial mechanics has led to signifi-
cant results in (1) distinguishing particular groups of
asteroids, (2) the study of resonances leading to clustering
or voids, and (3) the determination of those modes of motion
involving librations, revolutions with respect to selected
rotating coordinate systems, stationary points, and stability
of motion.

2.1.1 Asteroid Groups

Within a distinctly recognized group of asteroids,
the members are conjectured to have been exposed to some
common event. For example, the existence of distinct families
was recognized by Hirayama (1918) from an examination of the
orbital elements of the known asteroids. The orbital elements
considered were the eccentricity, the longitude of the periheiion,
the inclination of the plane}of the asteroid orbit to the
ecliptic plane, and the longitude of the ascending node of the

intersection of the asteroid orbit with the ecliptic plane.
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These four orbital elements describe the shape and position
of the asteroild orbit. The size of the orbit is defined by
the semimajor axis which is directly related to the periéd of
revolution. These orbital elements remain constant if no
forces except the attractive force of the Sun is acting on the
asteroids. However, the perturbing forces of the planets |
cause the orbital elements to slowly change over the course
of thousands of years.

Hirayama considered each orbital element to consist

of two parts, the unchanging proper element which characterizes

the asteroid's own contribution and a variable part resulting
from the perturbing forces of the planets. After determining
the proper elements, he discovered five families, the members
of each family having nearly the same proper eccentricity and
proper inclination, while the other orbital elements are scat-
tered; He concluded that the minor planets belonging to a
family are the fragments of an originally larger body broken

up by some catastrophic event. At present, many more asteroids
have been examined, resulting in extension of the original

Hirayama families. Brouwer (1951) lists 29 groups on the

basis of some 1723 numbered asteroids in Minor Planets for 1947
published by the Cincinnati Observatory. For this listing, he
used improved values for the calculation of the forced motions
derived from more accurate planetary masses and including the
effects of the principal second-order terms due to the mutual

actions of Jupiter and Saturn.
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The example of the Hirayama families provides an indi-
cation of how groups of asteroids may be selected for examina-
tion of originating mechanisms. Kuiper (1950) cénsidered'fouf
possible break-up mechanisms: Explosion, rapid rotation, tidal
break-up, and collision. He assumed that originally five to
ten planets of the size of the largest asteroids were formed
between 2 and 3.5 AU from the Sun, and that consequent frag-
mentation is most likely the result of collisions.

Perhaps more importantly, the method of selection upon
which the Hirayama families are based provides an example of
how celestial mechanics may be employed to analyze asteroidal
distributions and determine possible historical events. The
theory applied by Hirayama in deriving the proper elements is
only a rough approximation. The approximations may be success-
ful for periods of from 106 to 107 years but will become mean-
ingless for a billion years. Consequently, if the families
are as old as the Earth's crust, about 3 to 5 billion years,
the common origin of these asteroids cannot be expected to be
found from the theory as applied by Hirayama. Alternatively,
1f fragmentation occurred after a minor planet had been revolving
about the Sun for more than about a billion years, the celestial
mechanics technique as applied. by Hirayama, perhaps extended
and improved, may provide a valid approximation.

It is instructive to examine more closely the celestial
mechanics techniques applied to the Hirayama families. .Typical

restrictions and assumptions generally employed in planetary
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theory are illustrated. The principal assumptions are the
following:

(1) The disturbance function for the perturbing
forces of the planets, although not uniformly*
convergent, is assumed to be representative of
the gravitational force system exerted on the
asteroids by the planets.

(2) The higher order terms are assumed to be negligible,

although the nature of the retained terms, in
reality, depend upon the particular coordinate

reference frame chosen.

(3) The effects of the periodic parts are assumed to
average out, so that only the remaining secular
changes are considered to be significant.

The solution to the differential equations of the
resultant dynamical system includes the superposition of the
forced motion caused by the planet and the freevmotion which
is the dynamically significant representation of the original
initial conditions. It is assumed that the character of this
free motion has persisted from the initial formation of the
asteroid up to the present time. Hence, families having
similar values of the difference between the current observed
values and the computed values induced by the planets are

assumed to have originated from some common event, and the

spread in the values within a given family may serve as an

indicator of the corresponding spread in the initial scatter

*The convergence depends upon the historical time interval; the

entire series may actually be asymptotically divergent, or

semi-convergent (Poincare 1905), while the first terms approximate

the disturbance function.
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velocities of the fragments.

A more reliable establishment of groups, and especially
group ages, requires an extension of the theoretical methods
so fhat some of the restrictive assumptions may be relaxed.
Also, the need for more observational information is apparent
from Figure 2. Even the most compact Hirayama families show
considerable scatter and relatively few numbers. For the
estimated minimum of 30,000 asteroids within reach of the
large reflecting telescopes, the careful and accurate observa-
tion and computation of the orbital elements appears to involve
a prohibitive amount of effort. Spacecraft would seem to offer
the possibility of observing small asteroids, but it would only
be possible to associate a given asteroid with a family after
its orbital elements had been determined. This would seem to
be an excessively redundant procedure.

The spread in the initial velocity distribution of a
fragmented asteroid is correlated with the spread in the proper
orbital elements of the resulting family. The initial velocity
distribution may be inferred from the application of principles
of collision mechanics if the physical impact properties of
the asteroidal material is known. To this end, collection and
study of asteroidal watter may lcad to a sufficiently accurate

determination of the required physical properties.
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2.1.2 Resonances

Another aspect of the forcing mechanisms capable
of introducing an ordering into the asteroid distribution is
manifested by the Kirkwood gaps. The physical conception of
an order-producing force mechanism may be clarified by con-
sideration of a contrasting situation where the perturbational
forces acting upon an asteroid in orbit are perfectly random.
In this example of a non-ordering mechanism, the mean orbit
may be expected to be invariant with time since the small cffects
of the random perturbations tend to average out. On the other
hand, if the perturbational forces occur in some definite
repetitious manner, the cumulative effect will result in a
distinctive trend in the perturbed orbit. Such effects may
be broadly described as orbital resonances (Brown and Shook
1933) and may be expected whenever the ratio of the orbital
frequency of an asteroid to the orbital frequency of Jupiter
occurs as the ratio of integral numbers. In this case, the
orbital motion of the asteroid is said to be commensurable with
the motion of Jupiter. At such a commensurability, the per-
turbing forces of Jupiter may be expected to occur with a
definite repetition rate, tending to drive the asteroid out
of those orbits having periods commensurable with the period
of Jupiter. For the commensurable case, the ratio of orbital

frequencies can be expressed as:

(1 +3
5)
I1tT RESEARCH INSTITUTE
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where q and p are integers;and the value of the integer q is
called the 'order of the commensurability'.

Brouwer (1963) shows in Figure 3 the number distribu-
tion of asteroids as a function of their mean angular velocity
or motion. The locations of commensurabilities up to order 10
are marked on the upper part of the diagram. The orbital
period is directly related to the mean distance of the orbit
from the Sun. From the diagram,it may be observed that as the
mean radius approaches that of Jupiter, the radii at which
commensurabilities of a given order occur tend to crowd
together. The orbits in these outer regions of the asteroid
belt may oscillate between the closely spaced commensurabilities
creating a clustering of observed orbits such as occurs at the
3/2 resonance. The clustering at the 1/1 commensurability on
the orbit of Jupiter is the Trojan group and méy be explained
by the equilibrium of forces corresponding to stationary points
of minimum potential energy.

The crowding of commensurabilities for each order as
the orbit of Jupiter is approached is to be expected. If the
asteroid orbital frequency is expressed in units n of the
frequency of Jupiter, then it is well known mathematically
that a commensurability will occur for each rational value

.~ Q..
e ou

=]

A
~—

.
tinuum of

of n. Since the mean distance frow t is a 1uum
real numbers, the corresponding spectrum of frequencies is
also a continuum. Consequently, there are a denumerably

infinite number of commensurabilities for a finite range An of

11T RESEARCH INSTITUTE
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frequencies. This apparently paradoxical mathematical situation
can be made physically meaningful if the influence of the per-
turbing forces diminishes as the order of the corresponding
commensurabilities increases. To resolve the apparent ambiguities
and explain the appearance of clustering at these outer regions,
further observational data and extended analyses are required.

2.1.3 Stationary Points

It was mentioned above that the Trojan group,
which clusters at the Lagrangian points,corresponds to positions
where the potential energy function has a minimum, or station-
ary value. From the solution of the differential equations
of motion in a suitable rotating coordinate system, the libra-
tion orbits of the Trojans about the rotating Lagrangian points
may be computed (Rabe 1961). Brown (1933) has analyzed the
motions of the Trojans considered as a four-body problem in-
cluding the perturbation forces of Saturn as well as Jupiter.
The principal of a stationary value of a function may be
applied to find other distributional features of the asteroids.
For example, Hagihara (1957) describes criteria for determining
whether the perihelion of an asteroid orbit will oscillate
about the perihelion of Jupiter (considered as a stationary
point) or make a complete revolution in a reference frame
rotating with Jupiter.

Brouwer (1963) has computed the asteroid distributions
to be expected in the vicinity of a resonance point (as

described above) by demonstrating that in a suitable coordinate

11T RESEARCH INSTITUTE
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system, the correlation of the potential energy, called the
Hamiltonian, is an invariant property carried by the asteroid.
The distribution of the values of this invariant has a station-
ary value at a commensurability; and from this fact, the number
distribution of the asteroids in the neighborhood of a commen-
surability is expected to be V-shaped (one leg of the V-shaped
distribution is shown in Figure 4).

The analysis, based upon the methods of Hamiltonian
mechanics, utilizes special canonical coordinates rather than
the coordinates of physical space. For this case, the special
coordinates are the modified Delaunay variables, involving
dynamical and kinematical parameters of the asteroids. This
type of analysis is of importance because the hypotheses intro-
duced into the application of celestial mechanics are clearly
brought out and may be tested by observational evidence. The
V-shaped number-distributions occur in the neighborhood of
resonances in the inner and central regions of the asteroidal
ring. At the outer reaches of the asteroidal ring (as the orbit
of Jupiter is approached), the radii at which resonances may
occur crowd together and complicate the theoretical treatment
of orbital stabilities. The asteroidal orbits in these regions
may oscillate between the closely spaced commensurabilities
creating a clustering. As a consequence,many more detailed
data on asteroids are required to extend or modify the existing
dynamical theory of perturbational resonances. This is
particularly true for the outer parts of the ring. Thus,

1T RESEARCH INSTITUTE
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significant advances in the understanding and capability of
predicting clustering or voids in the asteroidal distributions
may depend upon detailed observations from large reflectors
and possibly space probe observations.

2.1.4 Qualitative Theory

In the treatment of the distribution of asteroid
orbits by the usual perturbation methods of planetary theory
as discussed above, the long-period terms with small coefficients
in the disturbing function are ignored. These terms,which are
effectively absorbed in the integration constants for a finite
interval of time, may very well invalidate the theoretical
results if very long epochs are to be considered. Recently,
attempts have been made to avoid this difficulty by using
methods of the qualitative theory of differential equations.

A theorem important to the problem of asteroidal dis-
tributions has been developed by Arnold (1963) based upon
topological methods. He states that changes in the orbits due
to mutual perturbations remain small for indefinitely long
times for the majority of initial conditions for planets of
sufficiently small masses with nearly circular orbits in a
single plane. The importance of this theorem is that a precise
statement is made concerning planetary motions that is not
dependent upon the time interval, in contrast to, say, the
classical Poisson theorem for the invariability of the semi-
major axes, which is restricted to only the lower order terms.
The neglected higher order terms become of increasing significance

IIT RESEARCH INSTITUTE
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with the passage of time. Applying this theorem to the three-
body problem consisting of the Sun, Jupiter, and an asteroid,
we can say that there exists a set of initial conditions such
that if the initial positions and velocities belong to this
set, then the bodies perpetually remain at a limited distance
from each other. This theorem is significant not only to the
Kirkwood gaps, but also to the underlying hypothesis for the
application of ergodic theory where the trajectories are re-
quired to be bound to a definite finite region in phase space.
The basic problem of the qualitative theory is to

determine the regions to which the asteroid trajectories are
bound. These regions can be represented by a multidimensional
invariant torus filled by the conditionally periodic trajec-
tories, together with some neighborhood whose extent depends

upon the parameters of the system. The motions may be resolved

into "fast" and "slow' frequencies. The zeroth approximation
is an asteroid trajectory described by the Keplerian orbit with
constant values of the orbital parameters. The first approxi-
mation permits small oscillations of these parameters, and the
second approximation permits secular changes in the eccentri-
city and longitudes of the ascending node and perihelion and

is called the Lagrangian motion, The Keplerian motion corre-
sponds to a fast frequency and the Lagrangian motion to a slow
frequency that is conditionally periodic. A motion is called
conditionally periodic if it returns arbitrarily close to any

previous point.

11T RESEARCH INSTITUTE

19




Two possible classes of motions are librations and
rotations, which form two sets of topologically irreducible
curves on the torus. By a suitable canonical transformation,

1B}

a canonical "angle'" variable w may be found such that:

q(w), libration
q(w + 1) =
q(w) + 2m, rotation

If the parameters of the asteroid system are slowly varying
such that in the limit the time derivatives of the parameters
go to zero, then the system is said to undergo an '"adiabatic
change''.

The purpose of this discussion of qualitative methods
is to point out the existence of this point of view and the possi-
bility that through the use of these techniques, namely, adiabatic
invariants, invariant tori, and ergodic theory, questions con-
cerning asteroidal distributions may be resolved. The questions
are essentially those of stability of motion and the determina-
tion of the extent of regions to which the trajectories are bound
for infinite periods of time. This is in contrast to the general
aim of perturbation techniques to determine ephemerides-type
information predicting the particular spatial history for
individual asteroids. When the actual historical trajectory,
albeit approximate, cannot be computed, useful information can
still be derived from qualitative theory. From such information,
predictions can be made of trends toward clustering or dis-

persion, and corresponding rates, from which direct inferences
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may be derived concerning origins and evolutions.

2.2 Statistical Analysis of Observational Data

The disadvantages of the classical celestial mechanics
methbds include mathematical complexity and limitations of the
historical time period, with the advantage that relatively few
observational data are required. By obtaining large samples of
significant data, much mathematics, often of unmanageabie com-
plexity, may be avoided by the application of statistical
methods. Through the examination of such data, attempts have
been made to discover relationships upon which to base empirical
laws or conjectural hypotheses. By this procedure, heuristic
theories have evolved regarding planetary origins and the
recognition of families of asteroids with common characteristics.

2.2.1 1Initial Scatter Velocities

An example of the application of a statistical
examination of data combined with celestial mechanics is Brouwer's
(1961) analysis of the average velocities with which fragments
are dispersed from a fractured parent body. He concluded that
the average dispersion velocities need only have been about
300 fps for the more compact families, and about 1000 fps for
the Flora family. On the basis of perturbation theory, the
first order secular changes of the orbital elements are directly
related to changes in the initial velocities. From the spread
in A,B, (Wl + 91), and a, the corresponding spread in the
scatter velocities can be computed. The results are shown in
Table 1, where A and B are the proper eccentricity and
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inclination, (vl + 91) is the sum of the proper perihelion
and node, which should be time independent,* and a is the semi-
X)

.~

major axis. The orthogonal velocity components are (f,é,
where ? is normal to the orbital plane, and ﬁ is tangent to the
orbit.

The standard deviations in f are on the average greater
than é by a factor of 6, and greater than 3 by a factor of 2.7.
Before inferences can be derived from these deviations in the
scatter velocities, more should be known about the expected
scatter velocity distribution for a given breakup phenomena.
Also, more should be known of the effect of secular variations
on the spread of the initial scatter velocities and the ratios
between the three components. Since the semimajor axes are
known to be more stable than the inclinations, eccentricities,
and nodes, the standard deviations in é should be expected to
- give the best indication of the scatter velocities. If the
cause of breakup were a collision, then from comparison ofzxﬁ
with the expected collision. velocity, some inferences could be
derived about the relative sizes of the colliding bodies. For
example, if the expected collision velocity were 1 km/sec
then since the standard deviations of é are much smaller than
this value, the fragmentation is likely the result of a col-
lision of the parent body with another body of much smaller

mass.

*#This is true because the theory of Hirayama indicates that
within a given group the rate of advance of the perihelion
should equal the rate of regression of the node.
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2.2.2 Asteroidal Grinding and Group Ages

From an examination of the size distribution of

the asteroids Anders (1965) has made the following tentative

hypotheses:

(1) '"The asteroid belt is not in a highly fragmented
state. The present distribution is only a few
steps removed from the original one."

(2) '"The collisional half-life of asteroids, for a |
loss of one-half their wmass, is 6.1 x 109 yrs."

(3) "The cross-sectional area of all asteroids
brighter than magnitude 14 has increased by only
6 percent during the last 4.5 x 10° yrs."

(4) "The average crushlng strenéth of asteroids seems
to be about 2 x 10° dyne/cm”.

(5) "The half-life for dispersal or destruction of

Hirayama families is greater or equal to

2.2 x 107 yrs."
The size distribution of the asteroids on the basis of absolute
visual magnitude g is shown in Figure 5 by Kuiper (1958), who
has conjectured that the change in slope of the curve at mag-
nitude g = 9, separates the asteroids into two classes. The
larger asteroids are essentially the primeval bodies, and the

smaller asteroids (g greater than 9) are fragments from collisions.

On the basis of the observed size distribution, various
semi-empirical laws have been proposed to represent the gross
collisional processes and predict the size distributions down

through the smaller unobserved asteroids. Hawkins (1960) has
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proposed a "comminution law'':
log p = k log x + const

where Ap is the fraction of the total mass in the size range
(x, x + AX). For early grinding it is assumed that k = 1, and
as grinding continues, the value of k approaches zero. The
original application of the law was for the grinding of quartz
in a rod mill (Gaudin 1944).

The hypotheses of Anders, mentioned above, are based
upon a population growth law, in which the collision rate is
assumed proportional to the number of asteroids present. Jaschek
and Jaschek (1963) assume a collision probability law proportion-

al to the square of the number n of asteroids:

where q is the increase in the number of bodies due to collision
and k n2 is the collision frequency. They arrive at an estimate
of about 5 x 106 yrs for the mean family life. It may be noted
that age determinations of iron meteorites indicate major col-
lisions at times 630 x 106 and 900 x 106 yrs ago; and hypersthene
chondrites indicate a major collision 400 x 106 yrs ago, with
secondary collisions in a wide range over the past 60 x 106 yrs.

1f the age estimates of the asteroid families based
upon celestial mechanics or collision processes were more reliable,

perhaps some significant correlations with the age indications

of asteroidal meteorites could be made.
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2.2.3 Asteroid Origins Based Upon Observations

The discovery of the first asteroid (Ceres) was
thought to be the planet between Mars and Jupiter as predicted
in aécordance with Bode's law. The later discovery of Pallas
(1802) was unexpected, and subsequent discoveries of Juno and
Vesta led immediately to the belief that these minor planets
were the fragments of the predicted planet which had broken up
(Olbers' theory). The conjecture that most asteroids are
fragments of primeval planets is still considered tenable; and
observations of what appear to be broken surfaces, particularly
the irregular shape of Eros, tend to support this hypothesis.
About two dozen asteroids indicate variations in brightness
greater than 26 percent with axial rotation periods of a few
hours. Kuiper (1953) has concluded that collision is the most
likely cause of the breakup, rather than explosion, rapid
rotation, or tidal forces. He suggests there may originally
have been 5 to 10 small planets, Ceres, for example, may be an
original condensation, as indicated by the fact that the light
from this planet and from Pallas are of almost constant mag- .
nitude. The original probability of a collision is estimated
to be of the order of 0.1 in the past 3 x 109 yrs for orbital
inclinations below 5° and eccentricities less than 0.1, con-
sidering an average collision grazing velocity of about
1 km/sec.

The probability of secondary collisions is much higher,
and, for example, the Hirayama families are due to relatively
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recent secondary collisions, some perhaps of ages in the order
of 2 to 3 x 106 yrs. The remaining 80 percent of the asteroids
(non-Hirayama families) may have been formed during earlier
collisions. The increasing fractionation by secondary collisions
is indicated by the large number of meteorites which appear to
be of asteroidal origin and have led Orlov to estimate over a
million asteroids of size greater than 2 km, while Hubble and
Baade, on the basis of 100-inch telescope photographs, estimate
less than 50,000 are of apparent magnitude below 19.

An alternative to the hypothesis that the asteroids are
fragments of a few large bodies formed directly by condensing
plasma is that the asteroids are planetesimals which are the
products of the initial stages of plasma condensations and, for
some reason,have terminated the process of further agglomera-
tion into larger bodies.

The rotation of the asteroids,which permitted the
detection of irregular surfaces by variations in the brightness,
is used by Alfven (1964) to support an argument that the
asteroids are not mainly collision fragments. The exchange of
rotational energies upon collision should be expected to be
somewhat equal, so that the more massive bodies would have
smaller angular velocities. However, no such relation between
angular velocities and asteroid size is indicated as shown in
Figure 6.

The angular speeds are far below the rotational stab-

ility limit, so it is unlikely that breakup is the result of
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Table 2
PERIODS OF ASTEROIDS (Alfven 1964)

Abs. Period Abs. Period

No Name Mag. (hours) No. Name Mag. (hours)
1 Ceres 4.0 9.08 22 Kalliope 7.4 4.07
2 Pallas 5.1 10.12 25 Phocaea 9.0 9.95
3 Juno 6.3 7.22 27 Euterpe 8.5 8.50
4 Vesta 4.2 10.68 30 Urania 8.7 13.67
5 Astraea 7.9 16.81 39 Laetitia 7.3 5.14
6 Hebe 6.6 7.28 40  Harmonia 8.4 9.13
7 Iris 6.7 7.13 44  Nysa 7.9 6.42
9 Metis 7.2 5.06 6L  Danae 8.6 11.45
11 Parthenope 7.7 10.7 321 Florentina 11.3 2.87
15 Eunomia 6.2 6.08 433 Eros 12.3 5.27
16 Psyche 6.8 4,30 511 Davida 7.0 5.17
17 Thetis 8.6 12.27 753 Tiflis 11.8 9.84
20 Massalia 7.4 8.10 984 Gretia 10.6 5.76
--- PH 1931 11.7? 10.23

FIGURE 6
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centrifugal forces; and the relative constancy of these speeds
is comparable to those of the major planets. 1In the diagram
shown, the Earth period is estimated as 2.6 hr, a value sug-
gested prior to capture of the moon; and for the uncertain
periods of Venus and Mercury, it is assumed that their axial ro-
tational periods coincide with their orbital periods as a result
of solar tides. The fact that the periods of the planets, both
major and minor, are similar points towards a common formation
mechanism involving the same rotational period of about 10 hr.

In support of the latter hypothesis, that the structure
of the asteroid distribution is not due to collisional processes,
but is rather the product of the original evolution by conden-
sation processes in a plasma, Alfven (1954), has compared the
asteroid ring with the rings of Saturn. On the basis of his
analysis, the orbits of the condensation grains should intersect
the equatorial plane of the central body at 2/3 the original
radius of condensation where they will be captured by collisions
and move in nearly circular orbits. A similar process may have
occurred in the rings of Saturn. The Cassini division between
the A and R rings at the 1/2 resonance with Mimas corresponds
to the Kirkwood gap in the asteroid ring at the same resonance
with Jupiter Also to be considered in the mechanism of forma-
tion of Saturn's rings is Roche's limit (Jeffreys 1947a) within
which tidal forces predominate and prevent growth due to

accretion.
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2.3 Ergodic Theory

Because of the inadequacy of classical celestial mech-
anics to provide an explicit solution for the asteroid motions
over arbitrarily large times, methods of analysis should be
sought other than those attempting to construct integral curves
from the differential equations of motion. Knowledge of the
early history of an asteroid trajectory may contribute to the
formation of cosmogonic hypotheses. For example, it would be
useful to be able to trace back from presently observed motions
to find the last time, if ever, two asteroids have simultaneously
occupied the same position. The time interval measured from
the instant of this common origin to the present may be defined
as the orbit lifetime of the two asteroids.

If the asteroid lifetime is too great to be solved
deterministically because of divergence of the énalytical
methods, then recourse can be made to the application of ergodic
theory. An attempt of this kind has been made by Milder (1963)
to a problem of orbital collision probabilities applied to the
lunar impact of a satellite. For this problem he used the
ensemble averages of statistical mechanics. For application
to the problem of asteroid collisions, the orbits vary secularly
and can be considered to generate an ensemble of almost
Keplerian orbits. For a set of asteroids, this ensemble pro-
vides a sufficiently large number of orbits to permit a stat-
istically significant interpretation. By the introduction of

an ensemble measure into the space occupied by the asteroid
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trajectories, a meaningful probability occupation density can

be defined. The event of a simultaneous occupation of a region
by two asteroids is referred to as a '"collision'", and an average
frequency of such collisions for an ensemble of secularly
varying orbits provides a basis for defining an expected, or
most probable, orbit lifetime.

We have developed a method which treats each individual
asteroid, considered to have an insignificant mass, as an
element of a three-body system consisting of the asteroid, the
Sun, and Jupiter. A simplification is obtained by considering
the orbit of Jupiter to be circular, but this assumption is not
essential. The resulting asteroid orbits are bound to finite
regions in a generalized phase space, the configuration-momentum
space, and each asteroid is bound to a surface of constant
energy in this phase space. By fhe emp loyment 6f suitable
ergodic theorems, the average expected lifetimes of all the ob-
servable asteroids may be computed. If these computations are
done, then from a number-frequency plot of the asteroids versus
lifetimes, the clustering of asteroids at distinct points will
provide a criterion for forming groups having probable common
origins. 1In addition to providing a basis for the formation
of dynamically significant groups, this method might yield a

direct estimate of the group age.
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3. RECOMMENDED OBSERVATIONS

Together with consideration of analytical methods for
the interpretation and prediction of the asteroid distribution,
attention should be directed to questions concerning possible
observations. Our present knowledge of the asteroids has been
gained primarily from observations by remote sensing of the
position, size, state of motion, and corresponding number-
distributions. 1In the future, we can also expect new data to
be derived from remote observations; however, significant in-
formation can be obtained from the actual collection of
asteroidal material for examination of its structure and com-
position. Both methods of obtaining observational data are
implied in the following list of recommended observations. 1In
the listing the relationship of the observations to theoretical
concepts is discussed. l

3.1 The Number and Size Distribution of Asteroids

Although most of the asteroids of photographic mag-
nitude brighter than 14 at opposition are probably known, the
number distribution of asteroids down through a continuous
distribution of sizes is not. Because of the probable multitudé
of smaller asteroidal objects, a complete survey would be im-
practical; however, a detailed set of observations, including
the smaller size bodies, made over a particular region of
interest, would provide data significant to the refinement of
celestial mechanics methods. Of particular interest to the

analysis of stability is the number distribution in the
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vicinity of libration points. Also, although not strictly a
spatial neighborhood, detailed observations are required in
the vicinity of a Kirkwood gap with particular emphasis on
the ‘outer part of the asteroid ring.

When a Kirkwood gap occurs at a value of the semimajor
axis of the asteroid orbit such that the orbital period is
exactly commensurable with that of Jupiter, then an appfoximate
celestial mechanics theory predicts a V-shaped number distri-
bution in the neighborhood of the gap. Detailed observations
are required to verify this theory. At the outer reaches of
the asteroid ring where the smaller asteroids are not observ-
able from Earth, a crowding of commensurabilitieé occurs.
Additional data in this region are required to resolve ambiguities
involving the apparent clustering of orbits observed at these
outer radii rather than the expected gaps, and to determine the
extent of the influence of the various orders of the commen-
surabilities.

Observations of the size distribution through the
smaller sizes not presently observable from Earth would also
test hypothetical comminution laws for grinding or accretion
and establish the exponents for existing empirical power laws
and exponential growth laws (e.g., Hawkins 1960, Jaschek and
Jaschek 1963, Anders 1965).

For the type of collision discussed above, the mutual
gravitational force between the colliding bodies is assumed to

be negligible. This assumption is not valid for encounters of
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asteroids with planets, whéfe major orbitai deflections may
occur without actual physical contact. For this type of en-
counter, there is no definite trend to reduce the orbital
inclination. The statistics of asteroid encounters with planets
has been treated in detail by Opik (1951, 1963).

3.2 Particle Distribution Out of the Ecliptic Plane

The distribution of smaller asteroidal particles out
of the ecliptic plane is almost unknown. A knowledge of this
distribution would permit evaluation of evolution hypotheses
involving condensation processes. In particular, a theoretical
treatment by Alfven (1952) indicates that original orbits
should be produced with eccentricities of about 0.33. Corre-
lation with in-plane distributions at corresponding radii will
indicate the extent that collisional processes reduce radial
velocities, and consequently the eccentricity, énd also decrease
the out-of-plane velocity components, bringing the orbits into
the ecliptic plane. Since collisions are non-conservative, the
relative velocities are reduced by friction and imperfect
restitution. From the consequent reduction of the relative
velocities, a reduction in the spread of orbital inclinations
should be expected with a corresponding increased collisional
frequency. An analogous mechanism in certain respects may have
occurred in the formation of Saturn's rings which also involved
an outward transfer of angular momentum from the inner ring
particles of higher angular velocity, tending to spread the

particles in a thin layer (Jeffreys 1947b).
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Correlation of asteroidal inclinations with the spread
of dust about the ecliptic plane indicated by the broadening
of zodiacal isophotes (Fesenkov 1959) should be attempted; and
computations can be made relating the relative velocities of
ejection of eroding dust particles originating on the surface
of an asteroid, the orbital inclination, and the dispersion
of the ejected particles.

From the observed distribution of higher inclination
orbits, the poorly convergent perturbation solutions for the
secular variations of orbital elements may be tested. Of
particular interest is the motion of the perihelion, for which
tentative criteria at present indicate conditions for the
existence of stationary points. Improved understanding of the
motion of the line of apsides for higher inclination orbits
can be extended to the determination of the orbital motions
of comets and better understanding of the relationship between
comets and meteor streams (Hamid 1950).

3.3 Detailed Motions of Individual Asteroids

Based upon current observations of the orbital elements
of an asteroid and a knowledge of the perturbing forces, the
path history over which the asteroid has traveled may be com-
puted. However, the errors in the initial observations are
reflected in errors in the computed path which magnify as the
computation proceeds back through historical time. Although
an unwarranted amount of labor would perhaps be involved in
attempting to improve the accuracy of all currently observed

asteroid data, the selection of particular groups or regions
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for highly precise measurements could reveal significant his-
torical features.

For example, the perturbation methods forming the basis
of the Hirayama families are limited to periods of the order
of 106 to 107 years. Witp a somewhat more complete theory
and more accurate values Sf the orbital elements, the time
interval in some cases could, perhaps, be extended back to the
actual intersection of the secularly varying orbits.

For the analysis of the generation and dispersion of
the asteroid families, combinations of statistical and celestial
mechanics techniques have been employed. Sufficient knowledge
of the smaller members of many of the recognized families is
lacking for the provision of a satisfactory statistical model.
From the spread in the scatter velocities of a larger sample
than is now available, estimates of the ages of families can
be computed, and an improved understanding of the mechanism of
the perturbing forces may be derived. Also, this knowledge
will be of value in understanding some of the outstanding
questions regarding the motions of the planets. In particular,
there remain questions of orbital stability (e.g., Hagihara |
1957), and more accurate estimates are required of the masses
of those planets not having satellites.

Accurate measurements of axial rotations and orienta-
tions over a range of asteroid sizes will provide evidence
indicating whether the bodies are collision fragments or are

the direct products of an original primordial condensation.
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Alfven (1964) has suggested that over a series of collisions,
an exchange of energies would tend to equalize rotational
energies so that the more massive bodies will have slower
angular velocities than the smaller fragments. On the other
hand, the existence of a group of asteroids of widely varying
sizes having about the same rotational speeds would indicate

some common evolutionary process.

i
§

3.4 Shape and Surface Conditions

Obviously an accurate knowledge of surface reflectivity
would permit an improved correlation of the numerous Earth-
based data involving observed brightness with the asteroid
size. A fairly symmetric shape with uniform surface conditions
would argue against the probability that the asteroid is a
collision fragment, as would be indicated by an irregular
shape and a jagged surface contour. Observations of erosion
and craters (e.g., Witting et al. 1965) would indicate relative
age and reveal the history of impacts with other interplanetary
debris. Observations of this nature would be particularly
helpful in providing needed information on collision frequencies.

3.5 Structural and Chemical Composition

A detailed knowledge of the physical properties of
asteroidal material would be of obvious direct value in deter-
mining ages, collisional history, and evolutionary processes.
Also, comparison could be made with Earth intercepted meteorites
to establish origins and to determine the now unknown altera-

tions in an original meteorite caused by its passage through
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the atmosphere. Of considerable interest would be the com-
parison of physical properties with a comet core, which could
serve to resolve such questions as whether the comet cloud, if
one exists, is of asteroidal origin, perhaps retaining the
original icy-conglomerate coating, or whether the Apollo group
of asteroids is composed of old comets.

Knowledge of the structural strength properties may
provide a key to the selection of parameters for the collision
mechanics. The impact strength is required in order to estimate
the minimum impulse required for fractionation, and from this
knowledge improved estimates of the relationship of critical
collision velocity and impacting mass may be made. From the
more detailed physical properties, the number and physical
state of the fragments can be computed.

The physical and chemical properties of recovered
meteorites (Anders 1963) may provide clues to the complicated
asteroidal history. There are four recognized types of
meteorites: the "irons' consisting chiefly of nickel-iron
alloys, the stony irons with the additional inclusion of sili-
cate minerals, the '"'stones' consisting largely of silicates
comprising the chondrites which contain small globules of
silicate minerals, and the achondrites which are free from
chondrules and nickel-iron and may contain plagioclase and
sometimes approach a basaltic composition. Inferences based
upon the structural details of the meteorites are as yet

ambiguous and inconclusive in deriving originating mechanisms.
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The occasional presence of diamonds and the crystal structure
of the nickel-iron alloys, if not created by high energy of a
collisional impact, point towards originating conditions of
high temperature and pressure as might be expected within a
small planet. On the other hand, some of the stones have
pyroclast-type structures and sometimes contain fragments
bearing high-pressure materials mixed with chondrules, indi-
cating a fluidization mechanism, low-pressure volcanic con-
ditions, and rapid cooling.

Age estimates of the meteorites are based upon the
decay rates of radioactive elements. From the time of the
crystallation of the minerals, the lead isotopes 206, 207 and
208 steadily increase in abundance while the isotope Pb204
remains unchanged in amount. The constitution of the primeval
lead can be determined from the iron meteorites which contain
only minute fractions of uranium and thorium. For the stony
meteorites, however, considerable radiogenic lead has been
created in their silicate minerals. The time of formation of

the radiogenic lead can be determined by subtracting the Pb204

207 06

from the other isotopes and forming the ratio Pb /Pb2 .

For samples of the same age, the points plotted on a Pb207/Pb204

versus Pb206/Pb204

graph should fall on a straight line. Such
isochrones for various stony meteorites should intersect at a
common point representing the primeval lead of the iron meteorite.

More complicated and uncertain is the estimated evolu-

tionary dating of collisions based upon interpretations of
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isotope changes resulting from the action of cosmic rays upon
the newly exposed surfaces in comparison with the original
surfaces.

The question on the extent to which observed meteors
represent asteroidal rather than cometary material has not yet
been fully established. Criteria have been developed to indi-
cate the origins of meteoric bodies from their orbital elements.
The apparent inclination i, eccentricity e, and semimajor axis
a of an entering meteoroid can be determined from the analysis
of meteor photographs. Based upon the number frequency plot
in the a, e diagram, criteria have been suggested for distin-
guishing asteroidal and cometary meteoroids; for example, the
K~-criterion of Whipple (1954)%* or the Pe-criterion which

3/2‘< 2.5 for asteroidal origins. Both of

requires that ea
these criteria are shown in Figure 7 by Kresak (1965). How-
ever, through collisions, many asteroidal particles may be
made to appear as if they were of cometary origin. Consequently,
an improved understanding of the collisional processes with
ancillary observations of asteroid frequency distributions are
necessary to establish the true origins of many ambiguous
meteors.

Although a considerable incréase in eccentricity is
required to cause a circular orbit at a radius of 4 AU Lo come
within reach of the Earth orbit, the smaller collisional

particles may be brought into the a(l-e) distance by the

Poynting-Robertson radiation drag. Particularly desirable
*Requires that log (a(l+e)/(l-e)) < 1 for asteroidal origin of
meteorite.
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are observations of the Apollo group, which is sufficiently
close to the Earth orbit to provide meteoric particles but

is most difficult to interpret. This group does not consti-
tute a continuous distribution of orbits from the main asteroid
belt and is of greater complexity because of the combined
significant perturbation effects of both Mars and Jupiter.

4. CONCLUS IONS

A limited understanding of some of the well-known
features of asteroidal distributions has been gained through
the methods of celestial mechanics. For example, certain
aspects of the Kirkwood gaps, the Hirayama families, and the
Trojan clusters have been analyzed and explained, but there
remain important questions to be resolved. Examination of the
literature of asteroid distributions leads to the conclusion
that the general, long-term motions of the asteroids are at
present imperfectly understood. A deeper understanding of the
features of the distribution of asteroidal material will pro-
vide clues to the origins of the solar system and explanations
of related problems concerning interplanetary matter.

Analyses based upon examination of observational data
are presently at a rudimentary stage, and any major progress
is dependent upon further observational data. Mathematical
and mechanical analyses have yct to provide definitive answers
to the outstanding questions. However, modern developments in
qualitative and topological theories of differential equations

and ergodic theory have not yet been fully utilized in the
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dynamical analysis of planetary motions and are capable of
providing progress in the interpretation of asteroidal distri-
butions. High-speed machine computations may permit numerical
analyses valid sufficiently far back in time to determine col-
lisional origins if sufficiently accurate input data is avail-
able. Further observational data, such as may be provided by
spacecraft, are required to exfend and support cosmogonical
theories involving asteroidal matter. A summary list of

recommended observations is shown in Table 3.
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